Abstract-In this paper we improve the computer algorithm of Zhou and Winkler for computing relative Groebner bases which used in Computer aided design and Robotics, etc. We introduce the concept of difference differential degree compatibility on generalized term orders. Then we prove that in the process of the algorithm the polynomials with higher and higher degree wouldn't be produced, if the term orders are difference differential degree compatibility. We present a condition on the generalized orders and prove that under the condition the algorithm for computing relative Groebner bases will terminate. And then the relative Groebner bases exist under the condition. Due to the algorithm is used as the main tool for algorithmic computation of many engineering and technique problems, we conclude that our result improve the algorithm and guarantee the algorithm effective works in solving verious problems of science and technology.
INTRODUCTION
Commutative Groebner basis theory and its computer algorithm software are well known and have found numerous applications both inside mathematics as well as in science and technology. They are widely used in solving equations, cryptosystems and cryptoanalysis, Geometric modeling, proving theorems in geometries, computer aided design, robotics, and other engineering technique fields. For non-commutative case, the theory of Groebner bases in free modules over various rings of differential operators or difference-differential operators has been developed. See [1] [2] [3] [4] [5] [6] [7] [8] . Relative Groebner bases were introduced by Zhou and Winkler [9] in order to compute bivariate dimension polynomials in difference-differential modules. The algorithm for computing relative Groebner bases and bivariate dimension polynomials also were presented in [9] . Christian Donch [10] made Maple software of the algorithm. By now it is used as the main tool for the algorithmic computation of dimension polynomials in difference differential modules.
Recently Christian Donch [10] presented an example where the algorithm provided by Zhou and Winkler [9] does not terminate. From the counterexample Donch pointed out that it is questionable whether a relative Grobner basis always exists.
In this paper we improve the results of Zhou and Winkler [8] about relative Groebner bases. We introduce the concept of difference-differential degree compatibility on generalized term orders. Then we prove that in the process of the algorithm the polynomials with higher and higher degree wouldn't be produced, if the two term orders are difference-differential degree compatibility. So we present a condition on the generalized orders and prove that under the condition the algorithm for computing relative Groebner bases will terminate. Also the relative Groebner bases exist under the condition. Finally we prove the algorithm for computation of the bivariate dimension polynomials in difference-differential modules.
II. DEGREE COMPATIBILITY
In this paper Z, N, Z-and Q will denote the sets of all integers, all nonnegative integers, all non-positive integers, and all rational numbers, respectively. By a ring we always mean an associative ring with a unit. By the module over a ring A we mean a unitary left A-module. Let R be a field with character 0, 
There are only finitely many coefficients  a in (2.2) are different from zero. D is called the ring of difference differential operators over R.
Let F be a finitely generated free D-module (we call it a finitely generated free difference-differential module) with a set of free generators E={ 
with respect to  can be  -reduced to 0 modulo G relative to  . Christian Donch [11] gave a counterexample pointing out that the algorithm does not terminate in some cases. He pointed out that in the process of the algorithm some polynomials with higher and higher degree will be produced, and then the algorithm will not terminate. This motivates us to give the concept of degree compatibility. DEFINITION 2.1. Let F be a free D-module, "  " and "  " be two generalized term orders on F, for 
and so on will get a sequence
. Then the algorithm in Theorem 2.1 for computing a  -Groebner basis relative to  of W will terminate if the sequence
, is a finite sequence, i.e., there exist k N such that
THEOREM 2.2. Let F be a free D-module, "  " and "  " be two generalized term order on F, 
III. TERMINATION OF THE ALGORITHM FOR COMPUTING
RELATIVE GROEBNER BASES THEOREM 3.1. Let F be a free D-module, "  " and "  " be two generalized term order on F. If the term orders "  " and "  " are of difference-differential degree compatibility, then the algorithm for computing a  -Groebner basis relative to  of W will terminate.
And then there exist the relative Groebner bases.
PROOF. Let G={ p g g , , 1  } be a finite subset of F\ {0} and W be the submodule in F generated by G. We may suppose that G is a  -Groebner basis of W, and by the algorithm for computing a  -Groebner basis relative to  of W we get a series } , , , , , { 
